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Abstract-This paper is concerned with thermal convection in a horizontal fluid layer bounded below and 
above by two rigid planes of constant and equal temperature. The convection is generated by uniformly 
distributed internal heat (cool) sources. Stable hexagons are found for Rayleigh numbers up to 3.6 times the 
critical value, down-hexagons when the Auid is internally heated, and up-hexagons when the fluid is 

internally cooled. Moreover, a subcritical region, where the hexagons may exist, is also found. 

NOMENCLATURE 
B gqh, defined by (3.5); 

M, defined by (3.9); 

WI, W, Nusselt numbers, defined 
by (3.10); 
= V/K, Prandtl number ; 
generated heat per unit time and 
unit volume ; 
=JQ"; 
= ga~Q~d5J64p,c,~2v, 
Rayleigh number ; 
critical Rayleigh number ; 
temperature ; 
standard temperature; 
defined by (2.5): 
defined by (3.1); 

= v,v; 
2 

$2 

=&i.;;;‘: 

wave number; 
critical wave number ; 
specific heat at constant 
pressure ; 
depth of the layer ; 
acceleration due to gravity; 
unit vector directed upwards; 
= (u, 0. w), velocity ; 
time ; 
Cartesian coordinates. 

Greek letters 

% coellicient of expansion ; 

8, temper~tn~e; 

K, thermal diffusivity ; 

V, kinematic viscosity ; 

PO7 standard density; 
Q, growth rate. 

Superscripts 

perturbation quantities; 
* complex conjugate quantities. 

1. WTRODUCTION 

THE TOPIC of this work is thermal convection in a 
horizontal fiuid layer when heated from within by a 
uniform distribution of heat sources. This problem has 
become important in the study of motion of the Earth’s 
mantle Cl]. Internally heated convection may also be 
the origin of the cellular arrays in the atmosphere of 
Venus observed by Mariner 10 [2]. 

The upper and lower boundaries of the fluid layer 
are assumed to be perfectly conducting and main- 
tained at constant and equal temperature, whereby we 
obtain an unstably stratified fluid layer above a stably 
stratified fluid layer. This model has been studied 
experimentally by Kulacki and Goldstein [3]. Apply- 
ing a Mach-Zehnder interferometer, they determined 
the mean tem~rature in the fluid for various Ra 
varying from 0.35 Ra, up to 675 Ru,. In the laminar 

regime (from Ra, and up to about ZORa,) they 
observed a kind of a cellular flow. The cells seemed, 
however, to be neither stationary nor truly periodic. 
For a related model Whitehead and Chen [4] observed 
a flow with some similar characteristics. The super- 
critical motion consisted of vertical jets of cool fluid 
from the upper layer which plunged downward into 
the interior of the fluid. The jets were not arranged in 
an ordered lattice, but were constantly changing. 

This loss of a regular pattern is in striking contrast 
not only to the observations for ordinary Benard 
convection, but also to the results obtained in con- 
vection with internal heat sources when the lower 
plane is insulating [5-71. In this last case there is no 
stably stratified region. It seems as the occurrence of a 
stably stratified region will give a tendency towards an 
unregular motion. In [7] we found that steady hex- 
agons were stable for Rayleigh numbers at least up to 
lSRa,. We shall in this paper show that with the 
present boundary conditions, which lead to stably as 
well as unstably stratified horizontal layers, steady 
motion is only possible for Rayleigh numbers up to 
3.6 Ra, 
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We consider tllree-dimensi017;11 convection in an 

infinite horizontal tluid layer of conslant depth tl, 
bounded above and below b> two rigid perfectly 
conducting planes maintained at constant and equal 
temperatures. The Ruid is heated from within b\; a 
uniform distribution of heat sources. 

i\pplying the Houssinesy ~~ppro~ill~~~ti~)I~. the basic 
equations may be written 

;+- + \.V, = --!--“,+[I -“/(T-To)]~k+~,V2v,(2.1) 
/‘II 

v-v = 0. (2.2) 

C-T Q 

it 

.+v.VTZ~;V'T+-- ----> (2.X) 

i'o ('p 

with the boundary conditions 

v=O and T = 0 fol : = I) and I/. (2.4) 

IO 30 5.0 a 

FE I. The stability region. 

3, STEADY SOLUTIONS 

If the generated heat Q is sufficiently small. steady- 
state solutions of (2. I) (2.4) exist of the form 

If Q is sufficiently great, in the convective regime, the 
solutions are written in the form 

v = V’(.Y, \’ .:,t). p = p,+p’(.Y,.\‘,~,f). 

T = T,+O’(Y.~,.I,~). 
(2.6) 

To get a dimensionless form of the equations we 

introduce (1. tl’ ‘l<. K/(/. ~~!g~ti~ and ti~p,,!t1’ as units for 
Length, time, velocity, temperature and pressure. re- 
spectively. Omitting the primes the equations take the 
form 

Steady solutions of the equations (2.7)-(2.10) will 
now be found by a numerical approach. To simplify 
the problem we assume that the Prandtl number is 
infinite, whereby (2.7) becomes linear. 

Then the velocity becomes a poloidal vector (i.e. 

V. v = k. V x v = 0). and may appropriately be written 

where 04 is the horizontal Laplacian. By eliminating 
the pressure term we obtain from equations 
(2.7)-(2.10) 

Vii’-0 = 0. (3.2) 

V’O- c- 32Rtr(3~-l)V~I-‘-~.V~J=O, (3.3) 
IQI 

pr- 1 !.V 
t 

ir +- r,Vv = -Vp+Ok+V”v. 
1 

(2.7) 
with the boundary conditions 

v-v = 0. (2.X) 

ili Q 
~- + v‘V(i = V’ff + --~32Rrr(Z-_- I)Is, 
r?t IQI 

(2.9) 

with the boundary conditions 

‘I’ = 0 = 0 ; : = 0, I. (2.10) 

The Rayleigh number RLQ,, defining the onset of 

convection, is found from the linearized version of 
(2.7)-(2.1(j). Introducing the horizontal wave number 
~1, defined by 

(2.12) 

Ru, becomes a function of ~1. To obtain this function 
we develop the solution in a power series of z. We find 
that Ra, is independent of the sign of Q. The curve 
Ru,(a) is displayed in Fig. 1. The minimum value of 
Ra,, Rrr,, and the corresponding value of L:, u,., are 
found to be 

Ra, = 5X3.2, 11, = 4.00. (2.13) 

These critical numbers have also been calculated by 
Sparrow et trl. [X]. 

Considering periodic solutions in the s- and J‘- 
direction. we expand il in a complete set of Fourier 
modes, each of them satisfying the boundary con- 
ditions 

(3.5) 

Here ii and I are wave numbers in the s- and !‘- 

direction, respectively. The s~lrnrn~~tion runs through 
all integers - x < (J < I., - X C y < I., 1 < fr < Y 
To ensure (3.5) to be real, we require that B,,,, 
= B* p- @. Introducing (3.5) into (3.2) and applying 
the boundary conditions, we obtain 

where Ki =I (P/C)’ + (yl)“. The function Fh(~. :) is &iven 
in the Appendix. The unknown coefticients 8,,,$ is 
determined from equation (3.3) by applying a Galerkin 
procedure. Introducing (3.5) and (3.6) into (3.3), 
multiplying this by exp [ - i(rkx -+ sly); sin(glr-_) and 
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averaging over the fluid layer, we obtain 

t[(gn)’ + ~~21&g - & 32 Rav2 1 a@, b’, g)&,, 

- c c [(pt!2 + qh$L K,f $7) 
p+l=r l7.I 
q+u=s 

+ k-24k 4 g)lq&-L,, = 0. (3.7) 

Here 11’ = (rk)2 + (sl)‘. The coefficients a, b and c are 
given in the Appendix. 

It is well known, that if the coefficients in (2.7)-(2.9) 
are constants, the planform for moderate Rayleigh 
numbers will be two-dimensional rolls [9]. If the 

coefficients depend on z, as in the actual case. the 

planform may be hexagons or two-dimensional rolls. 
It was shown in [7] that if the linearized version of 
(2.7)-(2.10) is self-adjoint. the pattern will be two- 

dimensional rolls. If. on the other hand, the problem is 
not self-adjoint, we expect hexagons. In the present 
problem the equations are not self-adjoint, and we 
expect hexagons. 

To the first order in the amplitude hexagons are 

given by the Fourier modes 

A,,cos(k.u)cos(I~~)+A”,cos(2l~~), (3.8) 

with 

k2+12 = 412 = u2, A,, = f2A,?. 

We note that A,, = 0 corresponds to two-dimensional 
rolls, whereas A,, = 0 corresponds to a rectangular- 
like structure. If the first order terms are given by (3.8), 
it follows that the excited higher order terms will be of 

the form AijCOS(ik.~)COS(jly) where i and j are integers 
such that i +j are even. Restricting the solutions to this 

form, we may conclude that Blsg = Br-,g = B_,_ 
= B _ I _ ,4, and that all L& are real. 

The system of differential equations (3.7) will be 
truncated such that the terms for which 

g* +$r2 ++s2 > M2 + 1 (3.9) 

are neglected. Here M is an integer to be specified 
below. The validity of the truncation is verified by 
examining the values of the numbers 

(3.10) 

d -1 

Nl’l = -~Tjz=l, ~nm. 
Here T is the horizontally averaged temperature 

(dimensionless) @ven by 

T= 4(1 -z)z + &; i B,,,sin(grrz) (3.11) 
y-1 

and i&x is the maximum value of T. The solution is 

accepted to be sufficiently accurate when Nu, and Nu, 
vary by less than 1% as M is increased from M to M 

+ I. 
To find the solutions of (3.7) we apply a 

Newton-Raphson method. Both for Q positive and Q 

negative we obtain three different steady-state con- 

figurations: 
(1) down-hexagons. i.e. descending flow in the center 

of the cells and ascending flow at the peripheries, 

(2) up-hexagons and 
(3) two-dimensional rolls. 

In the next section we will apply a stability analysis 
to investigate the stability behaviour for the hexagons 

and the rolls. 

4. STABILITY ANALYSIS 

By introducing an infinitesimal perturbation (0, I 
= 6 I’) with a time dependence of the form exp(at), the 
perturbation equations are written 

VJ P-0 = 0. (4.1) 

V28 -e,,Ra(?z-I)Vi d= riil+v.ViI+c.V0.(4.2) 
IQI 

with the boundary conditions 

I;-~_~_o: :=OJ, 
iz 

(4.3) 

Assuming periodical solutions in s and J’. /? may be 
written 

0 = ei(*kl+,~~~l ~~pq,,eitph~+qlr) sin(j~~-), (4.4) 

where E and 6 are free parameters. It can be argued for 
that for hexagons, a complete stability analysis is 
attained when d runs through the values from 0 to 1 
and E from 0 to id. 

From (4.1) and (4.3) 

p = ei(.kx + ,rlvl 
C B,,h e 

Okh + Y~),LY~(I;., -_) (4.5) 

where rl = (p+~)‘k’+ (r/+ci)‘12. F,, is given in the 

Appendix. Multiplying (4.2) with exp[ - i(r:kz + d/x)] 

exp[ - i(rkx + s/y)sin(gnz) and averaging over the 
fluid layer an infinite set of linear homogeneous 
equations, determining the coefficients &,. follows. 

We truncate this system analogous to what was done 
in the previous section. The stability problem is thus 
reduced to the determination of C. If all the values of 0 

have a negative real part, the examined configuration 
is stable. 

5. RESULTS AND DISCUSSIOiY 

(a) Q positire 
The results of the stability analysis are shown in Fig. 

1. We find that steady convection in forms of down- 
hexagons exists for Ru < 3.6 Ra,. For larger values of 
Ra the convection is unsteady which is in accordance 
with the observations in [3, 41. Moreover, the wave- 
length of the hexagons decrease with increasing Ray- 

leigh number, from i, at Ra = Ra, down to about $., 
at Rn = 3.6Ra,. Also a subcritical region is found. 
from Ra = 0.964Ra, up to Ra = Ru,. Both the up- 
hexagons and the rolls are unstable configurations for 
all values of Ra. 

The numbers Nu, and Nu,, defined by equation 
(3.10), are displayed in Fig. 2. The curves are computed 
by considering wave numbers in the middle of the 
stable region. It is seen that Nu, and NuI vary by less 
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I t I I , 

10 20 3.0 4.0 
RalR5, 

FIG. 2. The numbers Nu, and Nu, as a function of the 
Rayleigh number for A4 = 4 and 5. G, x, values of NuO and 

NII~. respectively, from Kulacki and Goldstein [3]. 

4.0 ' I _--L--_-_ I 
I.0 12 15 2.0 3.0 4.0 

RolRa, 

FIG. 3. Nu, and Nu, as a function of Ra, showing Nu, 
=4.05+0.21 log(Ra/Rn,) and Nu, =4.20+ 1.42log(Ra/Rrc,). 

Ro/Ra,rl.O(no motio 
~ Ra/Ro,=I.O(hex.flow 

__ , -1.. L.._ 

0 05 
r 

1.0 

FIG. 4. The horizontally averaged temperature for different 
values of RalRn,. 

than I”;, as M increases from 4 to 5. The same numbers 
are also shown in Fig. 3, but with a logarithmic scale 
for the RN!Ra,.-axis. To a good approximation we may 

write 

Nu,, = 4.05 +0.21 log(Rtr,‘Ra,.). 

Nrr, = -GOi 1.42logfR~r~R~1,). 
(5.1 j 

The horizontally averaged temperature defined bq 

(3.11) is shown in Fig. 4. We observe that the warm 
central core of the layer is displayed upwards. 

In Fig. 2 we also have given the experimental values 
of Nu, and Nu, found by Kulacki and Goldstein. They 

examined the convection in a fluid of aqueous silver 
nitrate (Pr 1= 6). We note that there is a marked 
discrepancy between the observed values of Nu, and 
the values of Nrr, found in the present work. Between 
the values of Ntco, however. there is a better agreement. 
The reason for this discrepancy is not clear. It may be 

that our solution with PY = L is a bad approximation 
to the solution with Pr = 6. On the other hand, the 
experimental values show a considerable scattering 

and their results are perhaps not sufficiently exact for 

comparison. 
In the present model where the lower part of the 

fluid layer is stably stratified, we expected to find a 
region with oscillatory instability. Our computations 
show, however. that the marginal stable mode has a 

real 0. 
The stability region shown in Fig. 1 was computed 

both for M = 4 and M = 5. We found the same 
stability boundaries for these two values of M. indicat- 

ing that M = 5 defines a good truncation ofthe infinite 

system of equations. 

(b) Q negutiw 

In this case we find that the up-hexagons are stable 

in the same region as the down hexagons for Q positive 
(see Fig. 1). The amplitudes of these up-hexagons, &, 
multiplied with t - 1)” are identical to the amplitudes 

of the down-hexagons we obtained for Q > 0. Down- 
hexagons and two-d~mel~sional rolls, however, are 

unstable planforms when Q is negative. 

6. SUMMARY AND CONCLUDING REMARKS 

The main result obtained in this paper is shown in 

Fig. 1 where it is illustrated that hexagons are stable for 
Rayleigh numbers less than 3.6 Ra,., down-hexagons 
when the fluid is internally heated, and up-hexagons 

when the fluid is internally cooled. For larger values of 
Ru the convection is unstable. 

A comparison of the results of the present analysis 
with the experimental results of Kulacki and Goldstein 
[3] shows a rather poor agreement. This discrepancy, 
however, is possibly due to the fact that it is difficult to 
observe the convection and the convective heat trans- 
port for small supercritical Rayleigh numbers. In [3] 
nothing was reported about the nature of the con- 
vection for small values of RLI. 

The stability boundaries obtained here are very 
different from those found when the lower plane is 
insulated. giving that the whole layer is unstably 
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stratified [7]. It seems as the occurrence of two layers, 9. A. Schliiter. D. Lortz and F. H. Busse, On the stability of 

one unstably stratified and one stably stratified steady finite amplitude convection, J. F/&l Mech. 23, 129 

changes the character of the motion thoroughly. (19651. 
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APPENDIX 
~e~~jtjo~l of the Function F,(K, z) 

From (3.2)-(3.6) we obtain 

1. 

2. 

3. 

4. 

5. 

6. 

I. 

8 
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(A.1 I 

with the boundary conditions 

F,, = F;, = 0. : = 0. 1. (A.2) 

The solution is 

F,&. z) = A,(rc)sin(hxz)+Cl”(tifzcos(h._“) 
+C~z’(~)sin(~~)+t~~~(ti)~sin(~-_). (A.31 

where 

Cl;?‘(h.)=hliAh(~)/[(-l)*sinh.-~] 

Ci”(K) = - 7@$‘[2’(k-) - irnA,(h-) 
(A.4) 

@‘(h-j = - CiZ’(x)- cos Kc~7’(K)~sin K. 

CONVECTION THERMIQUE DANS UNE COUCHE HORIZONTALE DE FLUIDE AVEC 
SOURCES DE CHALEUR INTERNES 

Rksum~-Cet article concerne la convection thermique dans une couche horizontale de Ruide limit&e par 
deux plans rigides $ temperatures constantes et &gales. La convection est g&%e par des sources de 
chaleur internes uniformiment distribuies. On trouve que des hexagones stables s’&ablissent pour des 
nombres de Rayleigh qui atteignent 3,6 fois la valeur critique, des hexagones dans un sens descendant 
quand le Guide est chauffk intkrieurement, dans I’autre sens quand le fluide est refroidi. De plus, les 

hexagones peuvent exister dans une r&ion sous-critique. 

THERMISCHE KONVEKTION IN EINER WAAGRECHTEN FLUIDSCHICHT 
MIT INNEREN W~RME~UELL~N 

Zusammenfassung-Diese Arbeit behandeltdie thermische Konvektion in einer waagrechten Fluidschicht, 
die unten und oben von zwei starren Ebenen konstanter und gieicher Temperatur begrenzt wird. Die 
Konvektion wird erzeugt durch einheitlich verteilte innere W&me-(Kate-) Quellen. Stabile Sechskante 
stellten sich fiir Rayleighzahlen bis zum 3,6_fachen des kritischen Wertes ein; abw~tsgerichtete 
Sechskantstriimungen, wenn das Fluid von innen beheizt wird und aufwiirtsgerichtete, wenn das Fluid 
von innen gekiihlt wird. Aul3erdem wurde ein iiberkritischer Bereich, in dem die Sechskante bestehen 

k&men, gefunden. 

TEIWtOBAIf KOHBEKLWI B I-OPH30HTAJIbHOM CJIOE XHfiKOCTM 
C BHYTPEHHHMH HCTOYHMKAMH TEI-UIA 

~0Ta~~ - PaccMaTp~aaeTc~ TennoBaH KO~~KK~~ B rop~3o~Ta~b~oM cnoe ~~~~ocT~, orpaeil- 

YeHnoM cmi3y A cBepxy TsepnblMu rpaHauaMa npa IIOCTORHHOR II onmiaxosoti Tebmeparype. 

KoHBeKUH5i co3naeTca paeHoMepH0 pacnpeneneHHbIMa AcToYHAKaMn Tenna (xonona). HaZirneHo, 

ST0 YCTOfiYWBOti CTpyKTypOfi KOHBeKUHB IIBJIIIlOTCR LWCTEiyrOnbHHKH JQ-Dl WiCeJl PWlen, KOTOpble 

B 3.6 pa3a npeeblruator KpRTUYecKoe 3Ha’leHUe. B cnyrae pa3orpeBa XEUIKOCTE~ B cnoe Iia6nmnamTcs 

OnyCKHbIe ~~TUyrOnbHUK~, a B CJly’iae OXJla~JleHN5l X&i.IlKOCTH, IlO~~MHbIe IUWTHyrOJlbHHKii. 

TaKme Oope~e~eHa Kp~T~q~Ka~ 06naCTb, B KOTOpO~ MOl-yT Cy~eCTBOBaTb ~CCT~yrO~bH~K~. 


